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SECTION I
INTRODUCTION
1.1 OBJECTIVE

The objective of this work is the experimental determination of
gas properties at high teomperatures and/or pressures. The tempera-
ture range is up to 1500 K and the pressure range is up to 400 atm.
These measurements are needed for engineering needs as well as to
support potential function and dense gas theory requirements.

Transport and thermodynamic properties are the data base for
aerodynamics, gas phase engine design, refrigeration, and many im-
portant industrial applications. Uncertainties of 15% are a.ppa.reni:1 in
the specific heat of a simple gas such as argon at ~800 atm 300 °C. The
thermal conductivity of many common polar and polyatomlc gases and
their mixtures are not known to 50% at extremely low (100 C) and high
temperatures or at high densities. In addition, new propulsion systems
and laser systems generate new gas property requirements. Recent
experience in chemical laser research, for instance, has generated
property requirements in gases for which no information was available.
Finally, improvements in computational and test capabilities continually
require extended range or accuracy in gas property information. The
long lead time required to produce new measurements and to critically
evaluate them, calls for a basic research effort.

New techniques based on acoustic and schlieren interferometric
measurements have been developed at Panametrics to help expand this
data base. An ultrasonic pulse2;3 technique in arcs and shock tubes
was used to measure transport properties of largely dissociated and
monatomic gases. The ultrasonic technique becomes intractable in the
temperature region corresponding to about 0. 1% to 80% dissociation.
Therefore, a schlieren interferometric technique?:3 employing the end
wall boundary layer in a shock tube was developed.

The acoustic pulse technique was used to help fulfill the require-
ments for high pressure transport and thermodynamic properties. It
was found that the sound speeds measured this way could provide useful
specific heat data (~0.1%). However, the sound absorption consisted of
a sum of viscosity, thermal conductivity and bulk viscosity. The bulk
viscosity was approximately as large as the density effect in viscosity
and thermal conductivity, therefore, a more complete theory than is
available today is required to make pulse absorption measurement useful.
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However, the pulse technique can provide useful information on dif-
fusion of helium and hydrogen in the heavier gases.(” 7

The data required to satisfy the high pressure requirements
must be high precision so that an accurate estimate of the excess
transport properties can be obtained. Also, independent measure-
ments of viscosity and thermal conductivity are required. These ob-
jectives can be in principle achieved with an acoustic cavity resonance
technique. High precision can be achieved with the cavity technique
because all measurements can be reduced to frequency. The center
frequency provides sound speed, which can be used at low pressures
to calibrate temperature sensors. The linewidth provides transport
properties. Measurement of linewidth for different types of reso-
nances, i.e., radial, longitudinal, provides simultaneous viscosity
and thermal conductivity values. Thus, one obtains a complete set
of highly accurate thermodynamic and transport properties from this
cavity technique.

During the past three years the acoustic resonant cavity tech-
nique for measuring the thermodynamic and transport properties of
gases in the '"low'" temperature range 300 < T < 1000 K and pressure
range 1-500 atm has been demonstrated. This technique compliments
the pulse ultrasonic optical techniques developed for elevated tempera-
tures (1000 < T < 20, 000) during the first few years of the present
effort. The cavity technique is extremely precise because the mea-
sure(r)nents have been reduced to easily measured quantities - frequency,
a 90 phase angle, and cavity radius. The theory of the resonator in-
dicates that the acoustic resonance technique should be capable of
yielding 0. 01% in viscosity and 0. 05% in thermal conductivity. How-
ever, we have only pushed the precision to 0.1% in viscosity and 0. 5%
in thermal conductivity for the sake of supplying immediate engineering
needs. It should also be noted that 0. 5% viscosity and 1% thermal con-
ductivity measurements seem p0ssib1e8 with wave guide driven cavities
up to ~2000°K.

The present report discusses the precision of the cavity tech-
nique, some experimental realizations of the cavity technique electronic
readout options, and the results of a systematic measurements program
in nitrogen, air, hydrogen, and argon. The first section of this report
discusses how well the cavity response can be described. This includes
the dependence of linewidth and center frequencies on viscosity, thermal
conductivity, relaxation times and sound speed (thermodynamics). Also
discussed here are the effects of nonideal boundary conditions such as
slip, accommodation, and wave leakage into the cavity walls. The
effects of the transducers on the cavity response are discussed in the
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second section. Mode coupling, transducer coupling, electrical and
acoustic feedthrough, are included in the cavity response. Tempera-
ture limitations imposed mainly by the transducer are discussed. All
these effects are dependent on how one chooses to construct and drive
the cavity. Methods of "reading out" sufficient information electron-
ically to determine transport and thermodynamic properties are given
with typical results. Finally, the experimental gas properties deter-
mined in the past year and a half are presented.

17
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SECTION II
THEORY OF IDEAL CAVITY RESPONSE

2.1 LINEWIDTH AND CENTER FREQUENCY IN ACOUSTIC
GAS RESONATORS

The linewidth and center frequency of an acoustic resonance
line illustrated in Fig. 1 can be related to the properties of the gas
in the cavity. Smce we are using small amplitude disturbances
(1 pt in 109 to 10 ) the linearized conservation equations of fluid
dynamics describe the cavity performance to the limit that the con-
tinuum theory is valid. In addition, the linearity allows the device
equations to be worked out as accurately as one desires. First, the
completeness of the device equations is never in question as is the
case with the nonlinear corrections (convection, edge, and entrance
corrections) necessary in other techniques for transport property
measurement. Second, the calculations can always be carried out
with orthogonal functions and perturbation theory in such a way that
the maximum error in the neglected terms can be calculated. Finally,
slip and accommodation can easily be included in the theory by mod-
ifying the wall boundary conditions. The section below will show how
the linewidth and center frequency are related to the gas properties
and boundary conditions to 0. 01% in linewidth.* However, before
launching into details, a summary of the first order results is
appropriate.

The gas property information is contained in the resonator line
shape. The line shape is the complex pressure amplitude versus fre-
quency characteristics of the cavity. Although the line shape can have
a very complex mathematical form, a Lorentzian line shape is a useful
approximation because of its simplicity. The pressure p in the sound
field of a cavity driven at frequency f is

_ Ad
P = 2w {f-£)+10

(1)

in the Lorentzian approximation. A is the pressure at the maximum
amplitude point, that is, at f =f,. The center frequency is f,, and
the half width is 0.

0.01%
Q

*This corresponds to in sound speed. See below.
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The complex pressure is used to simplify the bookkeeping, and
is composed of the pressure amplitude and a phase factor e!?. Only
complex pressures are found in nature because phase in addition to
frequency and pressure is necessary to specify the sound wave. The
phase of the complex pressure in the cavity is measured relative to
the pressure wave driving the cavity. Experimentally, the cavity is
driven by some incident pressure wave at one end wall and the result-
ing field in the cavity sensed at the other end wall. The frequency of
the driving wave is varied while the amplitude and phase of the pres-
sure in the cavity are measured.

The amplitude and phase variation versus frequency is shown
in Fig. 1 near an acoustic resonance. The most distinctive feature
of the cavity response is the maximum amplitude at ;. The center
frequency can be measured using this amplitude measurement to a

(fAt'-') which depends on the linewidth (3 ) and the amplitude uncertainty
o

by the relation

e (2)

where A A is the pressure amplitude jitter and A is the pressure
amplitude. The linewidth can be measured by varying the frequency
on either side of the center frequency until the amplitude reaches

% A as indicated in Fig. 1.

Similar definitions are possible in terms of the phase versus
frequency curves. The half power points correspond, for a Lorentzian
line, to the 45° and 135° phase shift points. In fact, the phase is ulti-
mately used in the present work to define the linewidth because the phase
measurement can be made more accurately than the amplitude determi-
nation. This is discussed below in the section on experimental technique.

The cavity has several types of resonances or modes, each being
an independent solution to the equations of motion and the cavity boundary
conditions. The relative contributions of viscosity and thermal conduc-
tivity to the linewidth are different for each mode. Thus, measurement
of two modes allows the transport properties to be separately determined.
The cavity dimensions determine the frequency at which each mode is
appreciably excited. Thus, as we increase frequency the various modes

20
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rise to a maximum and fall to zero within a few linewidths of their
center frequency. A typical amplitude versus frequency plot is shown
in Fig. 2. Any mode can be isolated by driving the cavity near the
resonant frequency of the mode in question.

The first order expressions for sound speed and linewidth in

2
terms of the gas properties are accurate to the order of (%) .

The center frequency is °

_ c o ..
f5 5 @552a Y 27 U- (3)
The linewidth is
Gi‘ n 1/2 /2
—l—f 1z - aij(:)-) +b1 —7—1/2 + Gvf (4)
ij r

Here the first subscript refers to the radial mode number and j refers
to the longitudinal mode number.™ The c is the sound speed, d the length

of the cavity, (-‘-;1) the kinematic viscosity, y the specific heat ratio,

Py the Prandtl number and 0, the volume loss. The quantitatives, a;:,
aj; and b;;, are known quantities which depend on cavity geometry and
the mode numbers. These constants as well as bv are given explicitly
in Table 1. Typical linewidth and center frequency values are 120 Hz in

20 kHz at 1 atm, decreasing to 15 Hz in 30 kHz at 400 atm,

Equations (3) and (4) describe the losses due to dissipation in the
cavity itself. Additional losses discussed in later sections occur due to
the transducers and mode coupling. The cavity is designed so that the
dissipation in the cavity itself is the dominant loss. The rest of this
section is devoted to the accuracy of these two relationships.

*(jo) are the radial modes, (0j) are the longitudinal modes, and (ij) are
compound modes. See Jack Bradshaw's thesis? and Ref. 3 for more
details,
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Table 1. Constants for first approximation linewidths for symmetric

modes in a cylindrical acoustic cavity.
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2.2 PHYSICAL BASIS OF CAVITY EQUATIONS
. . 10 . 11,12 .

Following Thiesen” ~ and Fritsche » the exact equivalence
of the conservation equations of fluid dynamics with a set of three wave
equations was demonstrated in a previous report.3 These three wave
equations describe the propagation of acoustic, viscous, and thermal
waves.* These waves propagate independently of each other except at
finite amplitudes and at discontinuities in elastic properties (such as the
cavity walls). The boundary conditions on the cavity walls, continuity
of temperature and strain, can only be satisfied if thermal and viscous
waves are generated on the walls.

The boundary conditions on the walls of the cavity must be
carefully evaluated. Application of the boundary conditions to the
three wave equations is then only a formal problem. The idealized
boundary conditions used by Fritsche assume that the wall has much
greater capacity to absorb heat than the gas. Thus, the temperature
fluctuations at the wall vanish. In addition, the wall is assumed to be
much stiffer than the gas so that the particle velocity vanishes there.
Due to velocity slip, thermal accommodation, finite wall thermal
capacity and finite wall acoustic impedance, the particle velocity and
fluctuating temperature do not vanish. Thes el5:16 effects have been
discussed for the lowest order traveling wave in a tube. Generaliza-
tion of these wall effects to higher order traveling waves and to waves
reflected from end walls is given in Appendix A below. However, mean
freepath effects, slip and accommodation require further discussion
here.

The wavelengths A |, and A ; for the viscous and thermal waves,
respectively, are given by3

- /iﬂ._
hv- ow - \/?r—?\t. (5)

The continuum theory might be expected to be in error in an amount
roughly equal to the ratio of the wavelength to the mean free path
squared since the theory includes first order deviations from equilib-
rium. A mean free path (L) can be defined by the zero pressure vis-
cosity 1 , and the expression

*The viscous and thermal waves at the vortex and entropy are used in
the theory of turbulence.13:14 The entropy wave is also responsible
for the central peak of Brilloiun scattered light.
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n o 7
L = e V3 (6)
LV
Values of BN for representative conditions (shown in Table 2) indicate

that the continuum formulas for absorption (= linewidth) should be good
toptinl 04,

Slip17' 18 and accommodation® ”’ - are mean free path effects
due to imperfect momentum and energy exchange within a few mean free
paths of the wall. If the molecules were simply reflected like billiard
balls the surface would look like a stationary layer of gas. The tempera-
ture of the wall, for instance, would simply be the value extrapolated
from the temperature gradient in the wall. However, a certain fraction
of the molecules stick to the wall before being reemitted into the hotter
flowing gas. Thus, the gas in a layer a few mean free paths thick has a
lower flow velocity and a higher temperature* than one would predict
from the gradients by extrapolation to the wall. The size of this effect
depends on the fraction of gas molecules which become attached to the
wall. This is mathematically equivalent to (but not physically equal to)
assigning a length £ , and £ ; for the reflected molecules to adjust to the
flow and temperature of the gas.

The effect of slip is to give a net flow velocity on the wall. The
wall flow with slip is
8y

U=!v_—1-' (7)

instead of U = 0. Similarly, the fluctuating component of temperature
at the wall is
8T

T=lt—r (8)

instead of zero. The correction to the linewidth which results from slip
and accommodation is the same as that in Table 1 with £  and £, in place
of mean free path. Sincelf ; and £, are a few mean free paths typically
(and can be as much as 10 L) these corrections are somewhat greater than
those given in Table 2. The measurements reported below were taken

*The temperature is somewhat lower for a negative temperature gradient.
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Table 2. Ratio of mean free path to viscous wavelength for
nitrogen under typical pressure-temperature and

frequency conditions.
i

10 ke 100 ke
Temperature Temperature

< 300 1000 300 1000
> 2 1 2 1
5 0.1 2.3x10" 4.92x10°) | 4.00x107% | 8.52x10"
2 -3 -3 -3 -3
@l 10 2.20x10 2/11 x 10 3.81 x 10 3.65 x 10
]
ﬁ -6 -5 -5 -5

500 6.47 x 10 1.71 x 10 1.12x10 2.96 x 10
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under frequency, pressure and temperature conditions where slip and
accommodation coefficients contribute less than 1 pt to 102 to the vis-
cosity and thermal conductivity. However, under the assumption that
the theory for slip and accommodation corrections given in Appendix A
is good to 10%, it is possible to correct measurements of transport
properties to 1 pt in 104 for densities between 10-100 amagats.

The losses to the side walls and end walls due to acoustic trans-
mission into the cavity walls give rise to a linewidth component A
which must be added to Eq. (4) to get the total cavity linewidth. It is
difficult to calculate this effect exactly since the type of acoustic motion
excited in the cavity walls can be very complex. Nevertheless, as shown
in Appendix A, the linewidth due to acoustic transmission is proportional
to frequency and the ratio of the acoustic impedance of the gas (p c) to the
acoustic impedance of the cavity walls (pwcw).

The acoustic transmission linewidth is

A = [a £+ oa_ [£2-f 2]—5— (9)
np s E no |p_c
wow
where a 4 and af are constants for each cavity.* In addition, a4 and an
are approximately equal to -% for the present cavities. The acoustic

impedance ratio varies from ~10"> at 1 atm to 10”° at 100 atm for the
steel cavities used in the present work. Note the acoustic transmission
losses to the end wall goes to zero for a radial resonance. This is be-
cause the wave number k_{(1) goes to zero at a radial resonance and there
is no axial particle motion to couple to the wall.

In practice, a4 is determined by measuring more than one radial
mode in the cavity of interest. The difference between the total linewidth/
(frequency)1/2 then provides @ 4. Similarly, e can be measured by the
same technique using more than one longitudinal mode. Notice that a4
and a i do not depend on the gas so that a self-consistent check is obtained
from measurements in different gases.

The linewidth component A, , can be obtained to ~0.5% in the present
experiment. Thus, an uncertainty due to A, of typically 1 pt in 107 in vis-
cosity at 1 atmm becomes 1 pt in 103 at 100 atm and increases to 3 pts in 103

*This assumes that there are no resonances in the cavity walls at the
operating frequencies.
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at 500 atm. There are several ways to reduce the size of the acoustic
transmission loss which we have not had time to realize. For instance,
high density and modulus material such as tungsten can be used for cavity
construction. In addition, radial compound modes and especially asym-
metric modes? can be employed instead of longitudinal modes. Finally,
large cavities can be used to accentuate the transport property losses

(which vary as '\/1? ) compared to the acoustic transmission losses (which

vary as ).

The losses calculated from the linewidth expressions given above
are somewhat larger than the real dissipation in the cavity. The wave
equation cannot be separated exactly into radial wave functions due to the
corners of the cavity. For instance, when a traveling wave which satis-
fies the side wall boundary conditions exactly is incident on the end wall
a new set of viscous and thermal waves is required (A. 56) to satisfy the
end wall conditions. These waves are assumed to propagate 10-3 ¢cm or
less away from the cavity wall. The waves originating on the end wall
lying near the corner give rise to unbalanced temperature and normal
velocity on the side wall. Similarly, the viscous and thermal waves
originating from those portions of the side wall near an end wall (A. 50)
cause similar unbalanced temperatures and velocities on the end wall.

Expansions of cavity wave functions can be used to satisfy the
boundary conditions more exactly. Radial wave functions may be used
to satisfy the end wall boundary conditions and longitudinal mode wave
functions may be used to provide a suitable expansion from the side wall
boundary conditions. A similar problem arises for acoustic resonances
in a finite cylindrical solid resonator when one tries to satisfy shear
and normal stress boundary conditions.21s22

A good approximation can be obtained by noting that the corners

must be temperature and velocity nodes. In addition, the troublesome
-k.r -k.z
waves vanish roughly as e ' ore t » (1 =2,3), for the end wall
and side wall misfits, respectively. Thus, we can assume that in the
final solution the energy density (E) must be a function of distance along
the wall instead of constant (as assumed in Appendi:T A). | On the side
-l k. z

wall the viscous wave amplitude must fall off as e with distance
from the end wall. Similar relations hold for the thermal waves and on
the end walls for both types of waves. Integrating the reduced energy
density over the wall area a correction factor for viscosity

1/2
2n 1.2
o))
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and thermal conductivity
L.t (za\MPn 2
NP pw d r
r

are obtained. The correction factors were always less than 1 pt in 103
in the present work and were neglected.
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SECTION III

CORRECTIONS TO BASIC CAVITY THEORY DUE TO TRANSDUCER
COUPLING AND ELECTRICAL FEEDTHROUGH

3.1 EFFECTS OF COUPLING HOLE TRANSMISSION LINES

The linewidth of a resonance is a measure of how fast energy
leaks out of the standing wave trapped in the acoustic cavity. The
total linewidth consists of the ''natural" linewidth due to dissipation
of energy through thermal conduction and viscous friction {discussed
in Section II plus additional linewidth due to energy transmitted out
of the cavity., For instance, in a completely closed cavity the trans-
mission loss to the finite acoustic impedance of the end wall is ~0. 01
cycles at 1 atm and increases to 1 cycle at 100 atm.

Similarly, when the transducers are used to couple sound in
and out of the cavity there are additional linewidth components due
to energy which propagate into the transducers. The phase shift due
to the transit of sound from the electrical drive to the cavity on the
transmit side and a similar phase shift on the receive side add to the
resonance phase shift in the signal. In addition, the electrical signal
used to drive the transducers can take a path through the cavity walls
or directly by electromagnetic pickup. We measure the phase versus
frequency to obtain linewidth. The phase shift due to each of these
effects give rise to an effective linewidth component which must be
processed out to obtain transport properties.

The relative size and sign of each of the above linewidth com-
ponents are displayed in Table 3 for the type of cavities employed in
the present experiments. An examination of Table 3 indicates that the
hole size of 0. 004" or smaller is desirable™ at elevated pressures. In
addition, accurate calculation of correction factors due to the hole is
necessary to provide accurate absolute viscosity and thermal conductivity
measurements. The sound was coupled into the cavity through small
holes in the present work. Although the corrections for the hole in the
cavity are difficult to calculate (for a 0.1-0. 01% linewidth measurement),
this coupling technique has many practical advantages over other possible
transducers.

*However, hole sizes greater than 0. 008! were used in the present work.
Future work should include the development of smaller coupling hole
transducers.
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Table 3. Typical linewidth components (argon 300°K) for
the first longitudinal mode.

Hole Natural Hole loss Transducer
Pressure diameter linewidth linewidth phase shift
6 o 8 a Gh
1 0.013 119 2
0. 004 0. 05 0.5
100 0.013 12.5 27 2
0. 004 0.1 0.3
500 0.013 9.5 27 2
0. 004 2 0.3
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The losses to the transducer in the present case consist of
several terms. In general, the acoustic impedance of the coupling
hole terminated by the electrostatic transducer could be calculated
in the usual way.23' 24 The reflection coefficient so generated
could be put into the usual formulas for linewidth of a transmission
line (which the cavity is) terminated by the impedance of coupling
holes. However, we have found detailed tracing of multiple reflec-
tions much simpler to use in the present case. This is particularly
true when it comes time to see which physical parameters are sig-
nificant to sort out approximations and to calculate second order
terms.

The increase in linewidth due to the traveling wave multiple
reflections depends only on the complex reflection coefficients (R)
- calculated in Appendix C. These reflection coefficients include.
the loss of energy due to the excitation of other modes during each
reflection. The contribution of these other modes is considered in
Section 3, 3. The coupled modes behave like feedthrough provided
the cavity modes are separated by 10 linewidths. Finally, the addi-
tional phase shift due to multiple reflections in the coupling holes is
given in Appendix B.

The total signal received can be calculated by adding up the
multiple reflections of the various waves trapped in each of the three
sections of the cavity. As shown in Appendix B the total receive sig-
nal is

Cf = AoFl Tl. FT.ZFZ' (10)

Here A, is the amplitude generated by the vibration of the drive trans-
ducer. F; and F, are the response coefficients which result from
adding up all multiple reflections in the transmit hole (F;) and the
receive coupling hole (F3) given by Eq. (B.1). T; andT o are the
traveling wave transmission coefficients from the transmit coupling
hole into the cavity T; and from the cavity into the coupling hole on
the transmit side T, 2. The reflection coefficients, Ry; and R5, as
well as Tl. and T , (see Eq. (B.1)), are calculated from the equations
in Appendix C. The additional reflection coefficients, Ry and R33,
acquired to calculate ¥; and F,, respectively, are taken as unity. More
exact values for these reflection coefficients have been calculated from
the theory of electrostatic transducers.?®> Measurements of linewidth
with the transducers reversed were made, since an undefined constant
is present in the transducer theory.
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Only the phase of the quantity Fi Ty, T 2F , is neededto
calculate the effect of phase shl.ft in the couphng hole. This phase
shift is always less than ~25° in the present experiment because the
first resonance in F; or F, occurs at 3 to 10 times the operating
frequency for the cav1ty modes employed in the present measurement
The change in coupling hole phase shift (§3,) is always less than 2, 5°
over a typical linewidth. This is because the Q of the coupling hole is
always less than one-tenth of the cavity Q. The effective linewidth of
this correction is

6, = — . (11)

This is the quantity listed under transducer phase shift correction in
Table 3.

3.2 EFFECTS OF COUPLING HOLE REFLECTION
COEFFICIENTS

The largest correction due to the coupling holes is contained in
(F') itself. Considering the end walls perfectly reflecting except for
the losses to the coupling holes and mode coupling, the linewidth due
to the coupling hole can be written

Zfon 1 - rzm
6:pn = nTw 2 (12)
1+ropn

where £ is the resonant frequency of the nth longitudinal mode and r
is the reflection coefficient amplitude from Appendix C. This linewidth
may be simply added to the other linewidth components described above.

The linewidth due to the coupling hole represented by
2

Ir
5 = G(pn)(ai) ® (13)

a
where G (pn) is a constant for each mode, r, is the coupling hole radius,
and a the cavity radius. The loss component 8, represents the energy

simply propagated into the hole.26

A second component of the 8§, arises from the complex parts of
the wave numbers as described in Appendix C. This linewidth component
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1/2
- Y-p nw
r

is dependent on the Prandtl number and the viscosity. Here, g._. (pn)
and g, (pn) are constants for each mode which are considered to be
additional factors in the desired cavity response. Thus, the hole
correction is only Ga (see below).

3.3 MODE COUPLING EFFECTS

The reflection coefficients of Appendix C account only partially
for the energy lost to mode coupling. In fact, pressure carried by
these other modes does reach the receive transducer. However, if
the modes are well separated the additional signal due to mode cou-
pling varies only slowly and looks like a form of feedthrough.

There are experimental precautions one takes to avoid mode
coupling. First, the overall coupling between transducer and cavity
is reduced as much as possible consistent with signal-to-noise con-
siderations, Second, the symmetry of the transducer is chosen to
favor the desired modes. For instance, an electrostatic transducer
covering the entire face of the cavity employed in the present work
excites the first 20 longitudinal modes, preferentially with radial and
asymmetric modes down by at least 40 dB (a factor of 100). Similarly,
a small centrally located transducer excites longitudinal, radial and
compound modes, the asymmetric mode being undetectable (40 dB down).
Finally, the ratio of cavity length to diameter is chosen for maximum
frequency separation between modes. However, after all precautions
have been taken one is typically left with a mode coupling phase shift
equivalent to ~0. 5 to 0. 05% of the linewidth. Thus, to realize the ac-
curacy inherent in the cavity technique a mode coupling correction is
necessary.

The response of a cavity can be calculated in great detail by
considering multiple reflections of the cylindrical wave guide traveling
waves of Appendix A from the cavity end walls. Initially, the transducer
excites many modes according to the transmitter coupling coefficient
t, " for each radial mode ¢, as indicated in Appendix C. When the fre-
quency of the driving transducer excitation is near the resonant frequency
of the sth mode, the amplitude of the resonant mode is ~Qt_ 5. All the
other modes are ~t,_ T in amplitude. Each time the wave system reflects
from one of the end walls, reflection, transmission and mode conversion
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occurs. The amount of each wave generated depends on the reflection
coefficient Rss and the coupling coefficient Rns of the transducers
involved,

The calculation of the mode coupled signal is similar to the
derivation in Appendix B. A right going wave

_ iwt+k Py
¢ = v _t ® e : (15)

is introduced by the transmitter. Here ¢ g is the radial wave function
for the resonant wave in question. The transmitted wave bounces back
and forth between the end walls of the cavity. These multiple reflec-
tions give rise to a total right going wave for the resonant mode on the
receive wall

tS wm

2ik, (1)
1-(Rss)2e s d

¢s+ E

All the singly mode converted waves ¢, arising from the reflection of
¢ ¢ from the receive transducer

n

¢n+ - ¢s+ Rs

waves which undergo multiple mode conversions are proportional to
higher order powers of the coupling coefficients. Since the coupling
coefficients are small, these higher order terms are neglected. A
similar contribution of singularly mode converted waves is generated
by reflections from the transmit coupling hole. Thus, the total mode
converted wave source strength in the nth radial mode is

2ik (”d]
n

¢, = vt " +2w_t SRTE [1 + e (16)

The first term is simple transmission into the cavity from the transmit
coupling hole. This term gives rise to an acoustic feedthrough which

contributes less than -é— of the total received signal at the half power
w

points, where Q is the cavity quality factor (—62) .  This feedthrough-

like component is processed out of the data as described in Section 3. 4.
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The second term in Eq. (16) is not mentioned in the literature.
However, since it is proportional to the resonant mode response func-
tion F, it can dominate the mode coupling effects. The total signal
received due in the presence of mode coupling

[ - 1kn(1)d ]
Cf = AoFs F1 Tl T.ZFZ + Z Tl. Rs Fn T.Z(l te ) '
n#s (17)

The second term in brackets represents the mode coupling contribution
and is about 10-2 of the first term. When the modes are well separated
the mode coupling term does not depend on frequency because we are in
the wings of F,,. Thus, the major effect of the mode coupling term is to
add a system phase shift. The system phase shifts are removed by the
iterative determination of center frequency and phase shift at center
frequency. Nevertheless, more accurate calculation of the phase shift
due to mode coupling is possible using the coupling and transmission
coefficients from Appendix C, although this was not done with the data
reported below.

3.4 FEEDTHROUGH ROUTINES FOR DATA REDUCTION

Summarizing the last three sections, accurate determination of
natural line shape, that is, phase and amplitude versus frequency for
a given resonance, requires elimination of competing phase shift and
amplitude variations. The effects of various components on the mea-
sured phase and amplitude can be more clearly understood by reference
to a diagram of the experimental apparatus (Fig. 3). A frequency syn-
thesizer is used to generate a reference signal for the lock-in amplifier
and a driving signal for the resonant cavity. Between the synthesizer
and the cavity, a line amplifier is adjusted to give enough output to drive
the transmitted transducer. The output of the transmit transducer enters
the cavity through a coupling hole and stimulates sound waves. The am-
plitude of the sound field in the cavity is sensed through a second coupling
hole, and is picked up by the receive transducer. The output of the re-
ceiver is fed into a tuned amplifier to increase the signal-to-noise ratio.
Finally, the lock-in amplifier provides the signals necessary to determine
the amplitude of the signal and the phase of the signal with respect to the

"‘Tl has been used in place of t,,8 for simplicity. It should be borne

in mind that Ty and T ; depend on radial mode number. For the modes
used in the present work all modes above m = 0 in the coupling hole are
below cutoff and contribute a negligible amount of signal.
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electrical driving voltage. The amplitude information is read out on
a digital voltmeter. The phase is measured either on a phase shift
dial in the reference channel or preferably as in-phase and out of
phase components of amplitude on a digital voltmeter.
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